Abstract. Let C be a nonempty closed convex subset of a uniformly convex Banach space, and let S be a semitopological semigroup such that RUC(S) has a left invariant submean. Then we prove a fixed point theorem for a continuous representation of 5 as nonexpansive mappings on C .
Introduction
Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology such that for each a € S the mappings s -» sa and 5 -» as from S into S are continuous. Let C be a nonempty subset of a Banach space E, and let y = {Tt: t e S) be a family of self-maps of C. Then y is said to be a continuous representation of S as nonexpansive mappings on C if the following conditions are satisfied:
(1) Tstx = TsT,x for all t, s e S and x e C ; (2) the mapping is, x) -» Tsx from S x C into C is continuous when S x C has the product topology.
Fixed point theorems for a continuous representation of S as nonexpansive mappings on C have been investigated by several authors; see, for example, Bartoszek [2] , Lau [3] , Lau and Takahashi [4, 5] , Mizoguchi and Takahashi [7] , Takahashi [8] [9] [10] , Tan and Xu [11] , Xu [12] , and others. Recently, Lau and Takahashi [5] and Tan and Xu [11] proved fixed point theorems for such a representation in the case of which E is a uniformly convex Banach space and RUC(S), the space of bounded right uniformly continuous functions on S, has a left invariant mean. On the other hand, Mizoguchi and Takahashi [7] introduced the notion of submean which generalizes "mean" and "limsup" and proved a fixed point theorem in a Hubert space which generalizes simultaneously fixed point theorems for left amenable semigroups and left reversible semigroups.
In this paper, we prove a fixed point theorem for a continuous representation y in the case of which E is a uniformly convex Banach space and RUC(5') has a left invariant submean. This theorem generalizes the results [9, 5, 11] .
Fixed point theorem
Let S1 be a set, and let m (5) be the Banach space of all bounded realvalued functions on S with supremum norm. Let X be a subspace of m (5) containing constants. A real-valued function p on X is called a submean on X [7] if the following conditions are satisfied:
(1) pif + g) < Pif) + pig) for every f, g e X ; (2) piaf) = apif) for every f e X and a > 0 ; (3) for /, g e X, f<g implies pif) < pig) ; (4) pic) = c for every constant c. Let p be a submean on X and f e X. Then, according to time and circumstances, we use ptifit)) instead of pif). The following proposition is used to prove the lemma.
Proposition (cf. [12, 13] ). Let p > 1 and b > 0 be two fixed numbers. 
for all x,yeBb and 0 < X < 1, where WPiX) = X(l -Xf + Ap(l -X) and Bb is the closed ball with radius b and centered at the origin.
Lemma. Let C be a nonempty closed convex subset of a uniformly convex Banach space, let S be an index set, and let {xt : t e S} be a bounded set of E. Let X be a subspace of miS) containing constants, and let p be a submean on X. Suppose that for each x eC the real-valued function on S defined by fit) = \\xt-x\\2 forallteS belongs to X. If r(x) = pt\\xt -x\\2 forallxeC and r = inf{r(jc) : x e C}, then there exists a unique element z e C such that riz) = r. Proof. We first prove that the real-valued function r on C is continuous and convex. Let xn -* x and M = sup{||x/ -x"\\ + \\xt -x\\: n= 1,2,..., t eS}. Then, since 11*/ -*n||2 -\\xt -x\\2 = (\\x, -xn\\ + \\x, -x\\)i\\xt -xn\\-\\xt -x\\) < M\ \\xt -x"\\ -\\xt -x\\\< M\\x" -x\\ for every n = 1,2, ... and t e S, we have Pt\\xt -xn\\2 < pt\\xt -x\\2 + M\\xn -x\\.
Similarly we have pt\\xt -x\\2 < pt\\xt -x"\\2 + M\\x" -x\\.
So we have |r(x") -r(x)| < M\\x" -x\\. This implies that r is continuous on C. Let a and" ß be nonnegative numbers with a + ß = 1 and x, y e C. Then, since ||x( -iax + ßy)\\2 < a\\x, -x\\2 + ß\\x, -y\\2 , we have r(ax -f-ßy) < ar(x) -I-ßriy). This implies that r is convex. We can also prove that if ||x"|| -► oo, then r(x") -► co. In fact, since ||x"||2<2||x"-xí||2 + 2||xí||2, we have ||x"||2<2/-(x") + 2Af', where M' = sup{||Xf||2: t e S} . So if ||x"|| -> oo, then r(x") -» oo. Therefore, it follows from [1, p. 79] that there is an element z e C with r(z) = r. Next we show that such an element z e C is unique. Let K = {z e C: riz) = r}. Then it is obvious that K is nonempty, closed, and convex. Further, K is bounded. In fact, let z e K. Then since ||z||2 < 2\\z -x,||2 + 2||xt||2 for all t e S,
we have ||z||2<2/-(z) + 2Af' = 2r + 2M'.
Choose a > 0 large enough so that {xt : t e S} U K c Ba, and put b = 2a. Then since xt -zx, xt -z2 e Bb for all t e S and zx, z2 e K, from the proposition, we have ||* -J(z, + z2)||2 < i||x, -z,||2 + i||x, -z2||2 -\gi\\zx -z2\\).
So if zx ¿ z2, we have r(\(zx + z2)) < ir(z,) + \riz2) -\g'\\zx -z2\\) < r. This is a contradiction. Therefore, there exists a unique element z e C with riz) = r.
Let pS be a semitopological semigroup. For s e S and /em(S),we define ilsf)it) = fist) and (rsf)'t) = fits) for all t e S. Let X be a subspace of miS) containing constants which is 4-invariant, i.e., hiX) c X for each s e S. Then a submean p on X is said to be left invariant if pif) = pihf) for all s e S and f e X. Lex C(S) be the Banach space of bounded continuous real-valued functions on 5. Let RUC^) denote the space of bounded right uniformly continuous functions on S, i.e., all f eC(S) such that the mapping s -> rsf of S into C(S) is continuous. Then RUC(5') is a closed subalgebra of C(5) containing constants and invariant under left and right translations (see [6] for details). A semitopological semigroup S is left reversible if any two closed right ideals of S have nonvoid intersection. In this case, (5, <) is a directed system when the binary relation " < " on S is defined by a < b if and only if {a} U aS D {b} U bS. Now we can prove a fixed point theorem for a continuous representation of S such that RUC(.S) has a left invariant submean.
Theorem. Let S be a semitopological semigroup. Let y = {Tt: t e S} be a continuous representation of S as nonexpansive mappings on a closed convex subset C of a uniformly convex Banach space E into C. If RYSCiS) has a left invariant submean p and C contains an element u such that {Ttu: t e S} is bounded, then there exists z e C such that Tsz = z for all s e S.
Proof. First observe that for each y e C the function h defined by h(t) = \\T,u -y\\2 for allí eS belongs to RUC(5'). In fact, as Lau and Takahashi and hence Tsz e K. On the other hand, by Lemma, we know that K consists of one point. Therefore, this point is a common fixed point of Ts, s e S.
The following two results, proved by the different methods, are deduced as the corollaries of Theorem.
Corollary 1 (cf. [4, 12] ). Let C be a closed convex subset of a uniformly convex Banach space E, and let y = {Tt: t e S} be a continuous representation of S as nonexpansive mappings on C. Suppose that {Ttu: t e S) is bounded for some u eC and RUCOS) has a left invariant mean. Then there exists z e C such that Tsz = z for all s e S. Proof. A left invariant mean p on RUQiS1) is a left invariant submean on RUC(5). Therefore, from Theorem, the proof is complete.
Corollary 2 (cf. [9] ). Let C be a closed convex subset of a uniformly convex Banach space E, and let y = {Tt: t e S} be a continuous representation of S as nonexpansive mappings on C. Suppose that {Ttu: t e S} is bounded for some ueC and S is left reversible. Then there exists z eC such that Tsz = z for all s eS.
Proof. Defining a real-valued function p on RUQ^) by p(f) = lim sup f(s) for every f e RUC(S), p is a left invariant submean on RUC(5). By using Theorem, the proof is complete.
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